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What is a PINN?
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1. What is a PINN?

A Physics-Informed Neural Network (PINN) is a neural network that approximates the solution

u(x, t) of a PDE by incorporating the PDE residual directly into the loss function via automatic
differentiation.

What is a PDE?

A Partial Differential Equation (PDE) is an equation
which involves a multivariable function and one or more of its partial derivatives.
Usually initial condition and boundary condition are given.

Of (x,
o Yt | f(x,r)=0
@ Burgers:
0.01
ur + uuy — uxx =0, x€[-1,1], t € [0,1]
™
boundary condition: u(0, x) = —sin(mwx) )
initial condition: u(t,—1) = u(t,1) =0
@ notation: uy = %
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1. What is a PINN? — Why we need PINN?

Limitations of Classical Numerical Methods

@ Traditional methods (FEM, FDM, FVM) require mesh generation, which is computationally expensive and
difficult in complex geometries.

@ Solving inverse problems (estimating unknown parameters A in A[u; A] = 0 from data) is fundamentally
different from forward problems and requires separate algorithms.

@ High-dimensional PDEs suffer from the curse of dimensionality.

So: What is PINN

A Physics-Informed Neural Network (PINN) is a neural network that approximates the solution u(x, t) of a PDE by
incorporating the PDE residual directly into the loss function via automatic differentiation.

@ Meshfree: no mesh required; collocation points can be sampled freely.

@ Exact derivatives: auto-diff computes du/dx, 8?u/dx?, .. .exactly (not finite-difference approximations), using
the same backpropagation graph.

@ Unified forward/inverse framework: unknown parameters X are simply added as trainable variables alongside
the network weights 6.
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1. What is a PINN? — Process

Process of PINN

Problem Setting

Process

Given Nu(x,t); A\] =0 (with IC, BC), the goal is to find u(x, t). (N differential operator)

Approximate the solution u(x, t) by a deep neural network using the PINN loss function:

E(e) = Edata + ‘Cf
boundary/initial ~ PDE residual

NU

1 i _ .
Lodata = N Z‘ﬁ(pointi) — u’|2, point; € initial/boundary domain

U=

N¢
1
L= W Z‘N(u(point,-))f, point; € collocation domain
=il
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1. What is a PINN? — Does it work?

Lgata is the standard data-fitting loss; L¢ acts as a regularization that penalizes solutions violating
the governing equation at collocation points.

Does it work?

Yes — empirically PINNs approximate PDE solutions accurately. But. . .

Open questions:
@ Does the neural network uj; truly converge to the real solution u*?
@ How accurate is it, and can we quantify the error?
@ What happens as the network grows larger and more collocation points are used?

Goal of Section 2

We study the paper: Shin, Zhang & Karniadakis (2023) which provides a rigorous abstract framework for analyzing
the convergence and error estimates of residual minimization using neural networks for linear PDEs.
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Error estimate of PINN
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2. Error estimate of PINN

Main Question
o AAY(NN)O| =02l T|O|E{0]| CHsHA| = 2tHSHA| Sh& = ATHH, NN PDES| 2I%t off Zt 2}0|=
O{=HE=RI7}? (posterior, priori estimate)
e 022 £&HdI=71? (Convergence)

@ 2.1 continuous residual minimization

@ 2.2 discrete residual minimization

o Bernstein type inequality”} 4 & 5t= NN
o UBHHOI NN
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2. Error estimate of PINN—Mathematical Setup

Problem Setting

Let A: X — Y and B : X — Z be linear operators on Banach spaces (X, || - [|x), (Y, |- lly). (Z,] - ||z)- Consider the
linear problem:

Au(x) = f(x), x € Q; Bu(x) = g(x), x €T,
where Q € R? is a bounded domain and I = 99.

Definition 1.1 Solution of PDE

Let (V,||-|lv) be a Banach space with (X, || - ||x) a dense subspace. u* € V is a solution to the problem if there exists
a sequence {u;} C X such that

li r—u*|ly=0 d li Aup — f Buj — =0.
Jim fluf —ully =0 and lim [|Au; — flly + 1B} — g1z
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2. Error estimate of PINN—Mathematical Setup

Model Setting

Focus on feed forward Neural Network. Notation of NN and NN class is as follow:

@ Ny, n: class of NN whose size is less than n.
@ up,,: one NN whose size is less than n.
More precisely,
@ R[0]: L-layer feed forward Neural Network from R™ to R
@ : number of Neurons of NN (= (no, ..., n.))
)
o) = {{(Vtg-,bj)}}:l LW, €RYXM-1 b € R, j = 1,2,...,L}.
: the set of all possible network parameters with the fixed architecture i’
No,n = {RI0](x) : 0 € Up<i5,0(V)}.

: fn is the size of NN in stage n. Gets bigger(A, < fpt+1
: By construction, Ny, C Ny nt1-

@ up ,: An element of N ,
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Error estimate of PINN

Continuous RM
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2. 1 Continuous RM — Setting

Loss Function Setting

Consider the continuous loss functional (7 > 0, p > 1):

Jr(v) = If — AV}, + 7llg — Bv||7, VE./\i/'r;fnmX Jr(v).
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2. 1 Continuous RM — Assumptions

Assumption 1.1 (Existence)

Ass. 1.1: There exists a solution u* € V to the problem in the sense of Def. 1.1

Assumption 1.2 (Norm Relations)

Ass. 1.2: The operators A, B satisfy ||Av]|y, ||Bv||z < oo for all v € V, and:
Gllully < [|Aully +[|Bullz, VueX (2a: stability of solution)

lAully +[|Bullz < G|lullx, YueX (2b: smoothness of solution)
where C1, C> > 0 are independent of w.

Under ass. 1.1 and 1.2, solution ux is unique.

Assumption 1.3. (Universal NN Approximation)

There exists a sequence of NN classes Ny , C Ny ny1 such that X C [J, N, in the topology of (X, || - ||x)-
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2. 1 Continuous RM — Assumptions

Are the assumptions unreal?

Assumption 1.2 (Norm Relations)

Ass. 1.2: Typical assumption. Holds true for Well-posedness PDE or linear 2nd PDEs.

Assumption 1.3. (Universal NN Approximation)

Make sense. Similar to Universal Approximation Theorem
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2. 1 Continuous RM — Error Estimates (Thm. 1.1)

Theorem 1.1 (2/412] NN2| 23} AF5H)

Let Ass. 1.1(existence), 1.2(norm relation) hold. Let uf, , € Ny , N X minimize J- and u* be the solution. For 7 > 1:
A posterior estimate:
—1

_ ) 1
lfn = "llv < G277 (Jr ()7
A priori estimate: For any € > 0, 3u} € X such that

p—1
« 2T(1+7-)1/p ) .
I = ully < =g (Co jnf | lw—ufllx +e).

If u* € X, then uf = u*.

o3

o

posterior estimate: AIZ2 S&512| 4T AIFY DRUS 0|5 S 4 U 23 B
priori estimate: A A% SH50 2 J16t 2|20] NNOZ2 A AtSt= 22t otA|

.
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2. 1 Continuous RM — Error Estimates (Thm. 1.1)

Proof of Theorem 1.1(posterior estimate)

Step 1. (Use ass. 1.2) For 7 > 1 and any w € X, by
(2a):Grlju* — wllv < |JA(u™ = w)lly + IB(u* = w)llz = [If — Aw|ly + llg — Bw||z

Step 2. Use (a+ b)P < 2P~1(aP + bP) Then
(If = Awlly +llg — Bwl|2)P < 2071 ([|A(u* —w)I§, +lg — Bw|%) = 271 (J1(w))*/P < 2P~ 1) Jr (w).
Setting w = uj, | and taking both sides to the 1/p power yields the a posteriori bound.

Proof of Theorem 1.1(priori estimate)

Step 1. (A priori, bounding J;)

. . 1 Bt 1
By posterior estimate, Gyluf, , —u*|ly < -2 7 (JT(uﬁn)) /P,

Since uf, . minimizes over Ny , N X, J-(uf, ) <inf yJ-(w).
Also, AP + 7BP < (1+ b)P + 7(A+ B)P = (1 + 7)(A + B)? Combining all,
Glluf , —u*llv < 2(p=1)/p(1 4 7)1/pP infu (|[Aw — f||y + ||Bw — gl|2).

Step 2. (Triangle inequality + (2b))
Let u¥ € X satisfy ||Auf — f|ly + ||Buf — g||z < € (exists by Ass. 1.1).
Then ||[Aw — f|ly + ||Bw — g||z < G||lw — uf||x + € by triangle inequality and (2b).
Combining with Step 1 gives the a priori bound. O
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2. 1 Continuous RM — Convergence (Thm. 1.2)

Theorem 1.2 (2|M2] NN} 5ff Zt2| 2}0|7} 022 £~=5iCt.)

Suppose Ass. 1.1, 1.2, and 1.3 hold. For fixed 7 > 1, let uf , be a quasi-minimizer of Jr, i.e Jr(uf ) <
infuen, ,nx Jr(v) + 8n with 6, — 0. Then:

Jim_llug, — "l =0.

Proof of Theorem 1.2

Combine Proposition 1.3 and Theorem 1.1 directly:

Step 1. By the a posteriori estimate of Thm. 1.1:
6y, = ™l < €71 - 207 0/P (U (ufy )P

Step 2. By Prop. 1.3:
lim_Jr (ufy ) = 0.

Step 3. Combining Steps 1-2:

: o * _
n|l>moo||uN’" —u*lly =0 0O
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2. 1 Continuous RM — Convergence (Thm. 1.2)

Proposition 1.3 (MZA™Y2| 7|7t {A|H continuous H{Z2] loss= 022 £ 35iC})

For fixed 7 > 1, let uf, , be a quasi-minimizer of J-Under Ass. 1.1, 1.3, and (2b) of Ass. 1.2, limy—c0 Jr(uf, ,) = 0.

Proof of Proposition 1.3

Step 1 Setting
Let v be the exact solution to the PDE and {v/'} be corresponding sequence in X. (def 1.1)
By Ass. 1.3, for a sufficiently large k, Inx and a 3 corresponding up, € Ny, ,, such that:

[lvi — un||x < ek (ex : positive sequence converging to 0)
Step 2 limy, 00 Jr(ufy , ) =0
Using Ass. 1.2 (2b),
Tr(un) < (IIf = Avglly + Caer)” + 7(llg — Bvillz + Caer)?

By def of quasi-minimizer,
JT(UKL,”() S JT(Unk) aF 6nk

Taking k — oo, the right-hand side converges to 0, yielding limy_, oo Jr(uf "k) =0.
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2. 1 Continuous RM — Convergence (Thm. 1.2)

Proof of Proposition 1.3

Step 3: Monotonic Upper-Bound via Space Inclusion
For any network sizes my < my, since Mg m, C No, ma

Tr (Ui, my) < Tr (U my ) + Omy

For any € > 0, we choose a nk such that Jr(uf "K) <e/2.
For any arbitrary n > ng,

T (ugy ) < JT(u&nK) +6, < 8 + % —

Since this holds for all n > ng, we conclude that the entire sequence converges to 0:

i T-(uF,) = 0
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Error estimate of PINN

Discrete RM — Aproach I: Discrete Norm Relation
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2. 2 Discrete RM — Setting

Definition: Discrete Function Spaces and Norms

Let Y = LP(Q), Z = LP(I"), and fix training points {(x/, W’)} 1 C Q2 xRso and {(x? b)} C T xRso.
1/p

Discrete Norm ||v||y,, := (ZM’I w! v(x!)P
Discrete Function Space Y}, := {v € Y : v(x[) is continuous at each x/ and |[|v||y,, < oo.}

Similarly, Zp;, with norm HV”ZMb = (Z,Mbl wP v(x‘.b)”)l/p.

Loss Function Setting

Let Y = LP(Q2), Z = LP(I'). The discretized loss is (with M = (M, M), 7 > 1):

My

J,M(v):z ’( (x7) — Av( xr))p—l—TZ g(x Bv(x,-b))p.

i=1 i=1
Using the notation above, the discrete loss functional (12) is written compactly as

W) = If = VI, +7llg — Bl .

When p =2, w/ =1/M,, w,.b = 1/Myp: this recovers the standard PINN loss.
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2. 2 Discrete RM — Approach [: Discrete Norm Relation

Assumption 2.1 (Bernstein-type Discrete Norm Relation)

For any n € N, there exist M, M, (depending on n) such that
AVllvy, > 3l1Avily, Vve{veNp,NX:Ave Yy},

1Bvllz,, > 2IBvllz, Vv E{vENy,NX:BvEZy,}

This is a Bernstein-type inequality: the discrete norm controls the continuous norm on the NN class. It holds for
Gaussian RBF networks (see Example 4.2) but is unavailable for general deep ReLU networks.

Theorem 2.1 (2|d2] NN2} 5Hf Z+ 2}0|2] 22} A+5t)

Let Y = L2(Q), Z = L3(I), v = X. Let Ass. 1.2, 2.1 hold. Let ||v]ly,, < Gllv]ly and ||v]lz, < Gsllvllz with C3
independent of M,, M. Let uN , minimize JM over Ny, N X. Then:

lug™ —ully < 2v2¢p (JM(uNn))1/2+3fc 1Ge2,

where ¢, , = infy(||AV — f||3 + ||BV — g||2), ¥ — up, M V.
Vig = {v € Ng.ny N X : Av € Yuy,, Bv € Zuy, }.
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2. 2 Discrete RM — Approach [: Discrete Norm Relation

Proof of Theorem 2.1

Let v € X with vfuN Ean

Step 1. (Apply Ass. 2.3 and 4.1 to V — ”Kly,y)
By (2a) and Ass. 4.1 (|| - [, > %H |y on Vi, ):
Gull7 — g lv < NAW@ = ug )l + 1B(# — ug )iz
< 20 A@ = ug vy, + 20187 = ug iz,
Step 2. (Triangle inequality on discrete norms)
[JA(V — ”N i )”YM, <||If - AuN o ”YM, + (JM( ))1/2 (Cauchy—Schwarz).
Thus: Cu[|v — ug Y llv < 2v2(IM (ugs )2 + 2v/2(JM(7))1/2.

Step 3. (Trlangle inequality for u*)
M 2 7 M
la* = aM v < e = Ty + 17— 67 v
Apply Ass. 2.3 to bound ||u* — ¥y < C; H(IM(7))1/2 (using Ivilvy, < Glivily)-
Step 4. (Combine) Taking infimum over valid ¥ yields the stated bound. O
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2. 2 Discrete RM — Approach [: Discrete Norm Relation

3
=1

o1
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Error estimate of PINN

Discrete RM — Aproach II: Rademacher Complexity
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2. 3 Discrete RM — Approach |I: Rademacher Complexity

Definition (Rademacher Complexity)

Given i.i.d. samples {X;}/, the Rademacher complexity of a function class F is:

(X ],
where ¢; are i.i.d. Rademacher RVs: P(e; = +1) = 0.5.
For two-layer tanh networks with bounded weights: Ry (N) < “22X (1 4 2vwmax(1 4+ /2 log(2d))).

M
1
Rm(F) = E(x;,e} [fseu;’ﬁ

.

o 20| random noiseS Tt 212042 SUBI17E LIEIHE 21 E (00 7171242 2H0| K140
Hoja. )

o €O] 12 T £(X;)7} U2-0|2, €0] -1 T £(X;)7t S42HY, = DHO| AH5PH 1 = -12

Z36t= 1 IHEH 0| ZCHH rademacher complexity7t 742,
o F= Rademacher ComplexityQ| &5t2 et (AAYC| 27|/\/ptlg, &)
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2. 3 Discrete RM — Approach |I: Rademacher Complexity

Assumption 2.2

Let Gr > max{||f]|ro0(q), suPk |Au; — fllLoo()} and Gp > max{||g||Loe, supy || Buj — gl|e< }. Assume G, Gp, < oo.

(* AAZQI JI)

el =1 Y

New Function Classes

Define the function classes (using rational-weight NN subclass /\f;?n):

Frn={Av—-feY:v GNG?HOX, |Av — fll Lo (@) < G},

Fon:={Bv—geZ:veNS NX, ||Bv—glir < Gb},
K/gn ={v eNgnﬂX tAv—f € Frn, Bv—g € Fpn}

5, siete] 227t £ 2L 0[512l, TR | £2eH NN2H 20KE subclass.

pproach ll= 0| subclassOi| ZZ&E|= NNOj| CHaf Z7H=IC}.
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2. 3 Discrete RM (Approach II) — Lemma 2.2

Lemma 2.2 (discrete loss2} continuous lossZt 2}0]2] 4+5H2 Rademacher complexity2 HE &gt £
V4

Suppose Ass. 2.2 holds. Let {x/}/",, {x,.b} be i.i.d. with densities p over Q and pp over I'. Let Y = LE(), Z = L}, ()
For any §,, 6 > 0, with probabilities Q;, Qb respectively:
P S
o S0 [1Av = £, = 1AV = Fli% )| < 2Ru, (720 + §,
_oIP _ o|IP p Sp
vig“e"fb iev =gl 187 = gllfy )| < 2Rm(FE,) + %,
where Q, =1 — 2exp( ) Qp=1— 2exp(— My0; )
r 262" b= 3262° )
Combining both,
sup |J (v) = Jr (V)| < 2R, (FP,) + 27Rm, (FL ) + % + 7% withwithprob. > Q,Qp
VEN "
intuition rademacher complexity7t & SA|EICHH discrete loss?t continuous loss?} 717t RICY.
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2. 3 Discrete RM (Approach II) — Proof of Lemma 2.2

Proof of Lemma 2.2

Step 1. (Rewrite as empirical mean)
Observe that ||Av — f”‘;m, = ML, Zle’l(f(x,.’) — Av(x]))P is the empirical mean of (f — Av)P at i.i.d.
samples drawn from p.
Step 2. (Apply uniform law of large numbers to F, )
Since F;,n is countable and P(supgc £, , |F(x)| < G;) = 1 (by continuity of probability measure),
apply the uniform law of large numbers via Rademacher complexity :
1
sup |2 ST(F(xf) — Av(x)? — E[(F — Av)P]| < 2w, (FE,) + %
Av—feF, ) Mr =
with probability @, = 1 — 2 exp(—M,52/(32G2")).
* NNS 20N gt subclass2 |3t3H7|0f 7455t 0|0F7|
Step 3. (Repeat for 7, , and combine)
Apply the same argument to F}, , with bound Gy, obtaining probability Q. Combine by the
decomposition [JM(v) — J-(v)| < |---|r + 7| |p; a union bound gives joint probability Q-Q,. O
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2. 3 Discrete RM (Approach II) — Proof of Lemma 2.2

Theorem (uniform law of large numbers via Rademacher complexity)

Suppose Vf € F, ||f|loc < b, i.e., the function class is uniformly bounded. Then with probability 1 — §,

L) = by 2B < o,y < 2y () 4 by 2ERL)

where [P, — P|| 7 := supsc |% P F(X) —E[f]] and F:={f — ' : f,f' € F}.

Yoonseo Choi Introduction to PINNs and its Convergence May 18, 2026 31/39



2. 3 Discrete RM (Approach II)— Thm. 2.3

Theorem 2.3 (Z|412] NN2| 22} Atst)

Suppose Ass. 1.1, 1.2, 2.2 hold. Let {x/}, {x?} be i.i.d. with densities p, py. Let 7 > 1, uL” minimize JM over N

o,n’
~ _ Ms?
and Ry(FR) := Ru, (FF,) + TRMb(.Ftin). A posterior estimate For § > 0, with prob. > Q, , = (1 — 2e 3267° )(1 -
_ Mpe?
2e 3265" )

T * —1,2=2 T D i/p
i = w*llv < €727 [ () + 2Ru(FE) + (1 +7)3/2]

A priori estimate For any ¢ > 0, Ju} € X s.t. with prob. > Q; 4:
M —1,22 . * P 4R, (FP e
lugis' = w*llv < 671277 [+ 7) inf (Gallw = ullx +2)° + 4Ru(FR) + (7o)
we 6,n

intuition train lossE 2| 5t11, rademacher complexityS A& 4= QCHH 52t NN 79| @x}t&
SAY 4+ ACH
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2. 3 Discrete RM (Approach II)— Proof of Theorem 2.3

Proof of Theorem 2.3

Easy. Just use former thm and assumptions.
Step 1. (A posteriori bound from continuous RM)
By Thm. 3.2 (a posteriori): ||u,7\—,’7’:’ —u*||y < C1_12(p’1)/p(JT(uL’7An/’))1/".
Step 2. (Bridge continuous and discrete loss via Lemma 4.5)
Since “X/’,I\n/l € /\79?", Lemma 4.5 gives with prob. Q, p:

Jr(up) < IV () + 2Rm(FE) + (1 + 7)8/2.
Combining with Step 1 yields the first (a posteriori) bound.
Step 3. (A priori bound)
o AtF M. M .
By minimality of u;(,,n : J,M(ulzm) < |nfweﬁ£n IM(w).

Apply Lemma 4.5 again to bound inf, JM(w) < inf,, Jr(w) + 2Rw(FB) + (1 +7)6/2.
Then by (2b) and Ass. 2.2: infy, J-(w) < (1 4+ 7)(Co||lw — uZ||x + €)P.
Combining gives the a priori bound. O
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2. 3 Discrete RM (Approach II)— Convergence (Thm. 2.4)

Theorem 2.4 (H|O|E{ =7} tO[R| A 7|7} 7{Z|H NNO| 3

Under the same conditions as Thm. 2.3, suppose further that limpy;, oo Ru, (F7,n) = 0 and limy, —c0 Rus, (F5 ) = 0
for all n, and that 3 a solution sequence {v;} C U, /\79Qn in the topology of (X, || - ||x). Then:

lim lim ||u;\—I‘M —u*|ly =0, M= (M, M), in probability.
n M— oo pll

— 00

Proof of Theorem 2.4 (Steps 1-2)

Easy. Just use former thm and assumptions.

Step 1. (NN approximation of solution sequence)
By assumption, 3 ny and u,% € Nec‘)nk with Huﬁi —villx <ex — 0.

Step 2. (Apply Thm. 2.3 with carefully chosen §)
Choose &5, = 2M; */>™<, 5, = 2M, /%€ for 0 < e < 1/2. By Thm. 2.3, with prob.
> (1 —2e=M7/8677)(1 — 2e‘M§/3G§p) — 1

Huﬁ’/’:’: _ U*HV < lelz(pfl)/p [Jy(u,(i) +2§M(]:ﬁ)+ M:1/2+£ +7_M[:1/2+5:|1/P.
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2. 3 Discrete RM (Approach II)— Proof heorem 2.4 (con

Proof of Theorem 4.4 (Steps 3-4)

Step 3. (Take M — o)
As M — oo: by assumption Ry (FF) — 0, and M—1/2t¢ _ 0. Hence with probability 1:

g M * — —
Mh—r>noo ||uN,nk —ullv <G ol 1)/p(JT(“'?k))l/p'

Step 4. (Take k — o0)
By Step 1 and (2b) of Ass. 2.3:

JT(u,?k) < (IIf = Av{|ly + Gaek)? + 7(llg — Bvi ||z + Caek)? — 0 as k — oo.

Since ./\/GQm1 C ./\/'QQm2 for my < ma, the quasi-minimizer sequence also converges:

. . M =M A R .
limp—s oo limpy s oo ||uN7n — u*||ly = 0 in probability. O
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What is PINN

@ PDEQ| SE AlHYOZ A}

=
wn
c
3
3

@ Loss = data loss + PDE residual loss.

@ Mesh-freeO|D{ forward/inverse problem2 E&E frameworkZ CI&.

J

Does PINN really approximate true solution?

Setting Result Key Assumption

Continuous RM  [luf, / —u*|ly »>0asn—oco Ass. 11,12 1.3 (Shin, Zhang & Karniadakis 2023)
Discrete RM | Error bound (deterministic) Ass. 1.2 4+ Bernstein ineq.

Discrete RM I ||u,7\—,”:’ — u*|ly = 0 (in prob.)  Ass. 1.2 4+ Rademacher
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3. Summary

Key Takeaways

(2) Bernstein 254!
ztolof chet 24

=2
(3) et NNQ| H2, Rademacher complexity=2 Discrete LossE Z|A8Fst= NNI}t sff 7t2| 2}0|0f CHEH
ol yetg 7

T [ )

= -
(4) PDEQ| Z329} 225t abstract frameworkO|2 2, =20f L}2 assumptiongt BHESICIH 2izt0
7t
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