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1. Basics



Generative Models

Q. What are generative models?
A. Algorithms that return (approximate) samples from a target distribution g:

« If we have partial information (e.g. g = g; Z unknown) about the analytic form...
 Use MCMC, neural samplers, etc.

« If we only have samples z;, ...z, ~ g...

» Use optimal transport maps, deep generative models (Normalizing Flows,
VAEs, GANSs, diffusion models, flow matching models ...)




Idea 1: Sampling as Transporting

©)
o

Objective: Find a map T: R? - R% such that x ~p = T(x) ~ g
= Monge Problem

Q. Does such a map T always exist?



Idea 1: Sampling as Transporting

Brenier’s Theorem

Let u,v € P, (R%) be two probability measures such that x4 has a density and
let X ~ u. If y is an optimal coupling, i.e., if

j I = yIP7(dx,dy) = min j I — yI2y (dx, dy) = W2 ),

then there exists a convex function ¢: R -» R such that (X,Vo(X)) ~7 €T, ,,.

e.g. if u & v are 1-dimensional distributions, and if u has a density, then
X~u= (F e F)X)~v

Q. But how do we learn T = V¢ (or some other suboptimal T)?
A. We minimize the empirical risk over samples z,, ..., z,,~q!



Generative Paradigm Shift

1st Generation: Endpoint Loss (Ex) GANs, VAEs, Normalizing Flows
* Objective: learn a single map T so that
x~p=>T(x)~q.

« Loss is computed only on the dataset (representatives of the final output)

2nd Generation: Trajectory Loss (Ex) Diffusion, Flow Matching, Autoregressive
» Objective: learn a collection of maps {T;:i € I} so that
X~p=>Tyo--oT(x)~q.

» Loss is also computed for the intermediate steps (for each T;)




ldea 2: Iterative Transport via ODE

Objective: Find a vector field u: [0,1] x R — R? such that

{Xo ~Po =P

: = X ~p, =
Xe = up(Xe) 1P 1

Note that u implicitly defines a flow map v, 1 (Xo) = ¥, 10 2 Yo, (Xo)

Q. Does such a vector field u always exist?



Idea 2: Iterative Transport via ODE

Benamou-Brenier’s Theorem

Let uo, 41 € P, o (R?). Then there exists a unique optimal path (1) ero,17 described
by X; ~ ut, where X, = (1 — )X, + tX; and (Xy,X;) ~y €I}, ,, With ¥ being an
optimal coupling.

Moreover, X, satisfies the equation X, = v,(X,) = X, — X, where
vi:= (Vo —id) o Vo1, Vo, (x):= (1 — t)x + tVe(x), and Vo(X,) = X;.

Q. But how do we learn or even obtain targets for v,?
A. We can easily represent v; given knowledge of the destination (X;)!



Idea 3: Conditional Paths

p pe(-|z1)

.

« Define a conditional probability path p;(- |x;) such that
* polx|xy) = p(x)
* p1(xlxy) = 8y, (%)

- Define the marginal probability path p,(x) = [ p,(x|x;)q(x;) dx,. Then
¢« po(x) = [ p(x)g(xy) dx; = p(x)
© pi(x) = f5x1 (x)q(xq) dx; = q(x)



Idea 3: Conditional Paths

E_ui(alay)
Tz
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« Suppose that a conditional vector field u;(- |x;) generates the probability
path p.(- [x1), l.e.,
* Xo~po(: |x1), Xt = ut(Xelx1) = Xe~pe (- [x1)

« Then the marginal vector field

pe(x[x1)q(x1)
U (X)) = ) U\ XX
t( ) f t( | 1) pt(x)
generates the probability path p,(x) = [ p,(x|x;)q(x;) dx;.

« Why?

dx; = Elu(x]|X)[X; = x]



Continuity Equation

Suppose that X, ~ u,y, and that (X;);>o evolves according to the dynamics
X, = v.(X,) where v, is Lipschitz continuous in x, uniformly in t, and is
also uniformly bounded. Let u; denote the law of X, for all t = 0. Then,
(us)e=o Satisfies the following continuity equation:

Oty +V-(ueve) =0

Moreover, every solution u; of the same equation that admits a density for
every t is necessarily obtained from the dynamics X, = »,(X,) (i.e.,
generated by v,).

Proof (first part). For all compactly supported and smooth test functions
@ : R - R, it holds that

jfpatﬂt = 0; JQUdHt :j<v§0rvt>ﬂt: _jQDV‘(.“tUt)

- ltis easy to show that if (u.(- |x1), p:(- |x1)) satisfies the continuity
equation, then so does (u:(-), p:(+)).



Example: Gaussian Probability Paths

Let a;, 5; € R be continuously differentiable, monotonic functions that we choose
suchthatay =; = 0&a; =6y = 1(eg.ar = t,6; = 1 — t).

We can easily check that the Gaussian probability path
pe(x|xy) = N(x; atxlugtzld) S x =X+ fre, € ~ N(0,1y)
satisfies the boundary conditions required for a conditional probability path.

The corresponding conditional vector field is

us(x|xy) = <02t —&at>x1 + &x

t t

xl—x)

(e.9. x =tx; + (1 —t)&; up(xlxy) = 1t



Idea 4: Conditional Flow Matching Loss

Objective: learn u? = u,.

« A natural approach would be to try minimizing the MSE:
0 2
LFM(H) = IE:t~7't,x~pt(-|xl) [”ut (x) - ut(x)” ]
. Intractable because u; is unknown.

« The following tractable conditional flow matching loss is equivalent to the
above loss up to a constant:

Lepm(0) = Epopp, xX1~q,x~Pe(:[x1) [||uf () = ut(x|x1)||2]

The equivalence originates from the following identity:

£ [”uf (x) — ut(x|x1)||2] =E [”uf (x) — ut(x)||2] + E[Jlus(x) — ue(x|x)%]



Sampling via Flow Matching

Algorithm 1 Sampling from a Flow Model with Euler method

Require: Neural network vector field «¢, number of steps n

1: Set t =0

2: Set step size h = ,_11

3: Draw a sample Xy ~ Pinit
4

-fori=1..... n do

o]

Xein = Xi + hul(Xy)
6: Updatet < t+h

7: end for

8 return X,




2. Advanced



Alternative Parametrizations

Recall the Gaussian probability path

X =ax1+ fre, € ~N(0,1;)

with the conditional vector field

ur(x|x) = (%‘%%)M + ,'g_ix

Then the marginal vector field can be represented as

ur(x) = (dt _&“t> E[Xq|Xe = x| + &x = ﬁx + (:Bt _%ﬂt> Ele|X; = x|

t Bt e
Which can be approximated via different parametrizations:
+ Velocity(v)-prediction: uf (x) ~ w,(x) / Loss: E |[[uf (x) - ut(xlxl)”z]
2
- Data(x)-prediction: x{|.(x) ~ E[X;|X, = x| / Loss: E [”xflt(x) — x1|| ]

 Noise(s)-prediction: ¢ (x) = E[e|X, = x] / Loss: E “|€f(x) - €||2]



Alternative Loss Functions

Bregman Divergence: Dy (u, v) == ®(u) — [P(v) + (VO (v), u — v)]
Where ®: R¢ - R is a strictly convex function defined on a convex set O c R¢

®(v)+u—v) VO(v)

®
u

=@

« Note that V,, Dy (u, v) = —(V2®(v))(u — v) is affine in u.
» Therefore, the gradient of
Lem(0) = IEt~n,x~pt(-) [DCD (ut(x):utg (X))]

is equal to the gradient of the conditional flow matching loss

LCFM (‘9) = Et~n, X1~q,x~Pe(*|x1) [DCD (ut(xlxl)» uf (x))]



Alternative Samplers

« There is also an equation for SDEs (known as the Fokker-Planck equation)
that is analogous to the continuity equation:

XO ~ pO = p - O_tz
{dXt — v (X)dt + odw, & Otk TV (ueve) = —Apy

« Hence, the following dynamics have the same marginals:

( Xt = u(X;)
2
0}
dXt - [ut(Xt) + %VIngt(Xt) dt + O-tth

A

\

« The score function Vlogp;(X;) can be approximated by minimizing the
following conditional score matching loss:

LCSM (‘9) = IEt~7r, xX1~q,x~pe(*|x1) [Dtb (V log Pt (xlxl) ’ St? (x))]

pe(x|x1)q(x1) dx,

 Here, we used the fact that Vlogp,(x) = | Vlogp,(x|x;) 2169
t



SDE & Gaussian Probability Paths

Recall the Gaussian probability path

pe(x|xq) = N(x; atxlugtzld) S x =ax; + fre, e ~ N(0,1y)

With the corresponding conditional vector field being

ur(x|xy) = (dt —'B—Zat>x1 + %x

The conditional score can also be easily calculated:

X —apx;  au(x|xg) — dex

.Btz - (dtﬁt - “t,gt)ﬁt

Vilogpe(x|x;) = —

atute (x)—dix

(deBr—acPe)Be

Thus, we may approximate Vlogp;(x) = without having to train a separate

score approximator.

* Note that the above equation blows up as t — 1 particularly because g; — 0. Therefore
it is recommended to let 62 = (d.B; — a.f;)B:y: Where y, is well-defined on [0,1].



Sampling via SDEs

Algorithm 2 Sampling from a Diffusion Model (Euler-Maruyama method)

Require: Neural network «¢, number of steps n, diffusion coefficient o,
1: Sett =0
. Set step size h = le

2

3: Draw a sample Xy ~ Pinit
4: fori=1.....,n do
5)

5:  Draw a samplele ~ N (0, I,
6: Xpyn = X¢ + hu? (Xt)i: 04 %;h,el

7. Updatet < t+h
8: end for
9: return X,

The main difference with Langevin MCMC or classical diffusion models is that they
use a time convention ranging from 0 to oo (as opposed to ranging from 0 to 1). We
may convert between the two using time reparameterizations.



Memorization & Overfitting

Letp, =p ~ N(0,1;), and suppose p; = q is an empirical distribution over a set
of points {y*: 1 < i < N} c R%, given by

q~—z5

Assume that we use a Gaussian probab|I|ty path, which implies that the
conditional velocity field is given as

up(x)xq) = (dt_&at> Xy + &

t t
Then the optimal velocity field u; (x) that minimizes the CFM loss is given by

2
_x = e
g |~
i) = 0, un(xly") I — a1
i=1 §V | exp < tzy )
25;

Which induces the marginal probablllty path

p.(x) = szt(xly ) = NZN(x ary', Bély)



Mitigating Memorization

« Use a simpler/regularized model
« Use Sde samplers
« Use a conditional probability path with a relaxed boundary condition, e.g.,
p1(x]x1) = N (x1, 05in1a)
The corresponding marginal probability path is
pe(x) = [ N (x4, Ominla)q(x1) dx; = q * N(0, oinla)

Which is analogous to a KDE estimator if g is an empirical distribution.



Variational Flow Matching

Recall that

up(x) = Elug(x|xy)|xy = x] = IEp1|t(x1|x) [ue (x]xq)]
This formulation suggests the approximation
ul(x) = E

HREAEY [ue Cxlxg)] = ue(x)

Which can be learned by minimizing the KL divergence:

Lyr (0) = Et~n[DKL(p1,t(x1»xt)”ple,t(xlrxt))]

_ 0
=—E, . xa~q,x~pe(]%1) [logpllt(xllx)] + const

If u,(x|x,) is affine in x;, we may write u? (x) = u, (x|IEp9|t(x1|x) [xl]). Thus, we
1

may use a mean-field parametrization without loss of generality:

d
Pf|t(x1 |x) = 1_[ pfn(JCi. |x)
=1



Variational Flow Matching

Possible choices for py); (x{|x) include:

Categorical Distributions: p{)(xi|x) = Cat (xl, ;" (x))

Exponential Families: p{), (xi|x) = h(x}) exp (nf'i(x)T(x{) —A (Uf'i(x)))

Gaussian Mixtures:

K
Pl (i) = AL CON (xhs ufieo [l )] )
k=1

Gaussian Mixtures (w/o mean field approximation):

i Cor ) = ZA e CON (vas 1 (0,225, ()

Although only x-prediction (xflt(x) ~ [E|X;|X; = x]) is introduced here, one can
easily extend the VFM framework to v-prediction (uf (x) = u,(x)) or e-prediction
(St (x) = Ele|X; = x])



Conditional Generation

In order to condition the generation on some additional information y € Y, one
may simply extend the approximator from

w9 REx[01] > RE,  (x,t) » ul(x)
to
u:RExYx[01] > RE,  (x,3,t) = ul(x]y)

And, assuming that the conditional probability path is independent of y, minimize
the guided conditional flow matching loss:

ided
L%;iv[e (‘9) = IEt~7r, (x1,Y)~q,x~pt(*|x1) [DCID(ut(xlxl);ut‘f9 (xly))]



Classifier Free Guidance (CFG)

It was soon empirically realized that generating high dimensional samples (e.g.
images) with this procedure did not fit well enough to the desired label y.

A heuristic that works well is to artificially reinforce the condition y:
We substitute Vlogp;(x|y) = Vlogp,:(x) + Vlog p; (y|x)with

Se(xly) = Vlogp,(x) + w;Vlogp:(y|x) = wVlogp:(x|y) + (1 — w)VIogp,(x)
Where the guidance scale w; > 1.

If we approximate s? (x|y) = Vlogp,(x|y), we can augment the label set Y with a
default label ¢ and use the same model to approximate s? (x|@) = Vlogp, (x).



Classifier Free Guidance (CFG)

We can also use the same construction for the flow matching vector field:

T (xly) = weue (x[y) + (1 = wue () = weud (xly) + (1 — wou (x0) =:uf (x|y)

To train the approximator, we minimized the following modified loss:
Lerm(0) = E[Dgy (e (x| %), uf (x|y")]

0) W.p.m

Where the expectation is over t~m, (x1,¥)~q, x~p:( |x1), y' =
P (x1,¥)~q pe( %), y {y w.p. (1-1)

After training, we may generate samples using the ODE (or an equivalent
Langevin SDE) defined by the vector field

0 (x|y) = weul (xly) + (1 — woud (x]9).



3. Extensions



Practical Perspective

* Flow matching in latent space

 latent flow matching
 transition matching

* One (or few) -step samplers
* mean flow

» flow map matching
« terminal velocity matching



Theoretical Perspective

« Conditional probability paths with other conditions
« Stochastic interpolants

» Relationship with optimal transport
* Rectified flow

« Extending to other modalities
» Discrete flow matching

 Diffusion language models (Masked diffusion models)
« Generator matching



Thank you!



